We study the thermodynamic stability of the Kerr-AdS black hole from the perturbative corrections to the gravitational partition function. The line of critical stability is identified by the appearance of a negative mode of the Euclidean action that renders the partition function ill-defined. The eigenvalue problem, consisting of a system of three coupled partial differential equations for the metric perturbations, is solved numerically. The agreement with the standard condition of thermodynamic stability in the grand canonical ensemble is remarkable. The results illustrate the physical significance of gravitational partition functions for rotating spacetimes beyond the instanton approximation. At a classical level, the results also imply that the Gregory-Laflamme instability of the Kerr string persists up to extremality, the range of unstable modes increasing with the angular momentum.
INTRODUCTION
The thermodynamics of black holes has been a cornerstone in the search for a quantum theory of gravity. Its semiclassical results, such as the Hawking temperature and the Bekenstein-Hawking entropy, are expected to be reproduced by any serious candidate theory. Indeed their reproduction has been hailed as a major success of string theory, eg. [1] . Another influential result of the imaginary time methods was the construction of gravitational partition functions by Gibbons and Hawking [2] . These are defined as path integrals in the same spirit as the partition functions of flat space thermal field theory, but treating the metric as a quantum field, that is
It should be emphasised that the gravitational path integral is known to be non-renormalisable and is considered here as a low energy effective theory that may provide clues to a proper theory of quantum gravity. The boundary conditions of the path integral, and the corresponding boundary terms in the gravitational action I[g], specify the thermodynamic ensemble described by the partition function. The path integral is approximated by an instanton saddle-point Z ≈ e −I [ĝ] , which gives the leading contribution to the free energy of the system. However, the quantum corrections play an important role too -they identify the thermodynamic instabilities of the ensemble by causing a divergence in the path integral. This type of pathology was identified by Gross, Perry and Yaffe [3] for the Schwarzschild black hole, which has a negative specific heat. Furthermore, Prestidge [4] showed that the partition function of the Schwarzschild-AdS black hole becomes well-defined for large black holes exactly when the specific heat becomes positive. The inclusion of matter presents technical difficulties but the same rule holds for Reissner-Nordström black holes [5] . An argument in support of the rule was given by Reall [6] .
In this paper, we deal with the one-loop quantum corrections to the partition functions of Kerr-AdS black holes. In particular, we look for negative modes of the second order gravitational action. This is a long-standing problem, even in the asymptotically flat case, for two reasons. First, the imaginary time methods seem subtler since the instanton metrics for rotating black holes are complex, or quasi-Euclidean, rather than real with Euclidean signature. The instanton is just the leading order contribution to the path integral and it has a real action [7, 8] . The second difficulty is that the lack of symmetry of the problem makes it much harder to solve than the static cases. We address this with an improved numerical method to solve coupled partial differential equations, and by concentrating on the space of perturbative corrections likely to identify an instability. The technique in this work differs from the simple but incomplete first approach to the problem in [9] , which could only account for the effect of a single direction in the perturbation space.
The first law of thermodynamics for a vacuum black hole with mass M and angular momentum J is dM = T dS + ΩdJ.
In the grand canonical ensemble, the temperature T and the angular velocity Ω are fixed, and the important thermodynamic potential is the Gibbs free energy G = M − T S − ΩJ. Standard arguments [10] lead to the stability condition for equilibrium: the Hessian matrix
must be positive definite. The two eigenvalues of this matrix are βC J = (∂S/∂T ) J , where β is the inverse temperature and C J is the specific heat at constant angular momentum; and the isothermal moment of inertia T = (∂J/∂Ω) T . In the canonical ensemble, the positivity of C J is sufficient to ensure perturbative stability. In the grand-canonical ensemble however, the moment of inertia T is also required to be positive, and together
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with C J renders asymptotically flat black holes thermodynamically unstable [9] . We analyse here the Kerr-AdS black hole not only because of the usual theoretical motivations (eg. the AdS/CFT correspondence [11] ) but also because there is a phase transition to stability for large enough black holes in the grand-canonical ensemble. Our purpose is to compare this criterion for stability with the one given by the quantum corrections to the gravitational partition function.
Let us describe now the path integral and the quantum corrections. The Euclidean gravitational action in the path integral (1) is given by
where the last term is a background subtraction that normalises the action of pure AdS space to zero (see also its holographic interpretation [12] [13] [14] [15] ). The second term is the York-Gibbons-Hawking boundary term [2, 16] , which is appropriate for boundary conditions of fixed induced metric on ∂M. This corresponds to the grand-canonical ensemble, since fixing instead the charges M or J would require fixing derivatives of the metric normal to the boundary. The instantonĝ is a non-singular solution to the equations of motion derived from this action, and the quantum corrections are given by off-shell perturbations about the instanton solution,
Pure trace h ab =ĝ ab h c c /4 (conformal) metric perturbations render the action unbounded below but can be shown to decouple and give no contribution to the partition function, at least at the one-loop perturbative level [17, 18] . This is the timelike direction in the WheelerDeWitt metric. The gauge-invariant perturbations are the traceless-transverse (TT) modes, such that h T T a a = 0 and ∇ a h T T ab = 0. Their contribution to the one-loop path integral is given by
where the operator G is defined as
All metric operations hereafter are made with respect to the instanton background metricĝ ab . It is clear from the expression (6) that if the spectrum of the operator G on TT modes possesses a negative eigenvalue, the perturbative corrections are ill-defined (zero modes can be dealt with by the standard collective coordinates method [19] ).
THE EIGENVALUE PROBLEM
We will look at eigenvalues of the operator G in search for negative modes, Gh T T = λ h T T , with λ < 0. In the static spherically symmetric examples, the unique negative eigenmode is radial as if it changed the 'mass'. For the rotating black holes, we will consider only stationary axisymmetric perturbations, so that the isometries of the background are preserved. Our ansatz for the perturbed metric is given by
where is the curvature radius of AdS and is related to the cosmological constant as 2 = −3/Λ, and
The functions α, ω, σ, γ, χ, η are small perturbations and depend on both r and θ. If all vanish, the line element above represents the Kerr-AdS instanton with mass M = r 0 /2. The bounds on the parameter space of the instanton are given by the extremality condition and by the requirement that |a| < , since the limit |a| → is singular [20] . Moreover, the avoidance of a conical singularity at the instanton horizon, located at r = r + , the largest root of ∆, requires the coordinate identification (τ, φ) = (τ + β, φ − iβ(Ω − a/ −2 )). Here,
is the inverse temperature and
is the angular velocity in a reference frame non-rotating at infinity, the quantity that satisfies the first law of thermodynamics [21] . The imposition of the TT conditions on the first order perturbation h ab implies that α, ω, σ are given by γ, χ, η and their first derivatives. Substituting these relations in the metric perturbation we get the general expression for h T T ab respecting the isometries of the instanton. Now we look at the eigenvalue problem Gh T T = λ h T T . There are six equations to be solved, corresponding to the components τ τ , τ φ, φφ, rr, rθ, θθ. However, the components τ τ , τ φ and φφ are differential equations of third order when we substitute the expressions for α, ω, σ given by the TT conditions, and they are solved automatically by the remaining three equations as expected. We thus have the three coupled partial differential equations rr, rθ and θθ for the three unknown functions γ, χ and η.
Let us first consider the boundary conditions for the perturbations. The region of integration for the differential equations is an infinite strip r + ≤ r < ∞, 0 ≤ θ ≤ π. The perturbations must vanish sufficiently fast at infinity, r → ∞, so that the metric perturbation is normalisable dV h T T · h T T < ∞. The boundary conditions on the horizon are given by expanding the differential equations around r = r + . We find that this implies χ(r + , θ) = A/ sin 2 θ, A being an integration constant. Regularity for θ = 0, π thus requires χ(r + , θ) = 0. For γ(r + , θ) and χ(r + , θ), regularity and normalisability near the horizon require simply that they are finite.
One thing we should emphasise is that the subtlety of having a quasi-Euclidean metric, as opposed to Euclidean, has vanished now. The equations obtained are real equations for real perturbation functions. Unfortunately, it will not be possible to present the three equations explicitly here. Even in the asymptotically flat limit → ∞, they are too cumbersome. It is convenient to make rescalings such that only adimensional quantities are involved in the problem,
and notice that
We will use the coordinate
so that the numerical integration will be performed on a rectangle 0 ≤ y ≤ Y , −1 ≤ x ≤ 1, where Y y * must be sufficiently large. Let us rescale the perturbation functions too,
so that the boundary conditions discussed before are simply q i = 0 (i = 1, 2, 3) along the edges x = ±1 and y = 0, Y . It is convenient to combine our previous equations rr, rθ and θθ, now in terms of the redefined quantities, into the form which turns out to be possible. Notice that the last term above gives the only dependence of the equations on λ * . We are now ready to implement the spectral numerical method [22] .
Let us first consider the Kerr case, i.e. the limit → ∞, leaving the general case to the next section. The results are represented in Fig. 1 . We find that there is a single negative mode for |a| ≤ r 0 /2, monotonically increasing in magnitude with the angular momentum. Surprisingly, our probe perturbation method [9] approached the value of the negative eigenvalue now found to within 10%. One way to understand the increase in magnitude is to recall the connection between the black hole thermodynamic negative mode and the classical Gregory-Laflamme instability of the respective black string/brane [6] . The threshold wavenumber k = ( k · k) 1/2 for the GregoryLaflamme instability corresponds to the four dimensional stationary solution of Gh T T = −k 2 h T T , with the appropriate boundary conditions [23] . This is exactly the problem addressed here if we identify λ = −k 2 . The fact that we are dealing with a quasi-Euclidean geometry rather than a Lorentzian geometry is irrelevant since time plays no role in the solutions to the perturbation functions defined in (8) . The curve in Fig. 1 thus implies that the Gregory-Laflamme instability of the Kerr string persists up to extremality. The larger in magnitude is the negative mode, the smaller is the threshold length scale k −1 for the instability. We expect on physical grounds that the centrifugal force caused by the rotation will favour the instability of ripples along the string (Ref. [24] presents a fluid dual analogy) thus decreasing their threshold length scale and explaining the stronger negative mode of the black hole. See [25] for analogous results in higher dimensions with equal angular momenta. 
COMPARISON OF STABILITY CRITERIA
Thermodynamic stability in the grand-canonical ensemble requires that both the specific heat at constant angular momentum C J and the isothermal moment of inertia T are positive. An interesting feature of the Kerr-AdS black hole, as opposed to the black ring for instance, is that the specific heat at constant angular velocity, C Ω = T (∂S/∂T ) Ω , is sufficient to describe the stability of the grand-canonical ensemble. It is positive when both C J and T are positive, and negative when one of them is negative; C J and T are never simultaneously negative and complement the region of instability. The explicit expression is 
The vanishing of the denominator in the right-hand-side identifies the line of critical stability for each value of . Across this line, C Ω diverges and changes sign.
If we look at Fig. 2 , the agreement is striking. There is a single negative mode only when C Ω is negative. Unfortunately the numerical method does not allow us to safely zoom in the line of critical stability, so that we cannot make claims about small deviations here. Nevertheless, it is clear that the gravitational partition function reproduces the thermodynamics of the system beyond the instanton approximation, even for this non-static black hole with a quasi-Euclidean instanton.
